In this paper we aim to construct a reliable theoretical framework to analyze nuclear reaction cross sections concerning the nucleosyntheses of light nuclei. To explain the reaction cross sections of 16 O(n, γ) 17 O and 16 O(p, γ) 17 F, we propose a theoretical procedure combining an 16 O+N model and the complex scaling method with the Lippmann-Schwinger solution for the complex-scaled Green's operator. We demonstrate that this procedure is a powerful tool in the analysis of the reactions observed in the lower-energy region including astrophysical energies.
§1. Introduction
Hundreds of extremely metal-poor stars with the iron-hydrogen ratio [Fe/H] < −2.5 have been discovered in recent years. 1), 2) At present, nearly 400 stars with [Fe/H] < −2.5 have been observed by high-resolution spectroscopy to reveal their detailed element abundances. In our previous work, 3) we proposed a new method to solve the nuclear reaction network problem and to see which type of nuclear reaction occurs, thus improving our understanding of nucleosynthesis under certain stellar environments. Applying the method to nucleosynthesis calculations in helium flash convection zones for one of the most iron-poor stars, HE0107-5240, 4) we showed that the reaction cross section of 17 O(n, γ) 18 O is very crucial in order to determine the synthesis path from 16 O to Ne isotopes.
In several cases, the nuclear data at astrophysical energies still involve various uncertainties due to experimental errors and ambiguities originating in the compilation including those from the extrapolation processes. The rate of a specific reaction can decisively affect the production of heavier elements in a stellar nucleosynthesis, and this reaction is called the key reaction in the synthesis process. Although the reaction cross section of 17 O(n, γ) 18 O is one of the key reactions in the nucleosynthesis of the most iron-poor star cases, we have no experimental data for this reaction. A reliable theoretical estimation for the cross section or the reaction rate of the 17 O(n, γ) 18 O reaction is necessary for the network calculation to achieve reliable results for element abundance.
The nuclear reactions of astrophysical interest are concerned with the low-energy reaction processes above the threshold energy, and are closely connected with nuclear structures around the threshold energy. Resonant states are expected to play particularly important roles in the enhancement of the cross sections. The complex scaling method (CSM) 5)-10) has been developed as a useful approach to investigate resonant states in addition to bound states in many-body systems. Recently, the application of CSM to nuclear scattering and reaction problems has been studied. 11), 12) Using CSM, it is expected that one can understand the characteristic features of the reaction cross section based on the knowledge of bound and resonant states.
In order to study the 17 O(n, γ) 18 O reaction, the use of an 16 O+n+n model is promising. For this purpose, it is indispensable to examine the reliability of the 16 O+N model. Furthermore, the development of a new method based on CSM, in which we can study nuclear structures and reaction cross sections on the same footing, is needed to evaluate the astrophysical nuclear reactions immediately above the threshold.
In this paper, we investigate 16 O(n, γ) 17 O and 16 O(p, γ) 17 F reactions using a simple 16 O+N (N =n, p) model, and develop a reliable theoretical framework based on CSM to analyze the astrophysical nuclear reactions. Experimental data for the 16 O(n, γ) 17 O reaction have been obtained at several points 13) in the energy region of 0.01 MeV < E n < 0.5 MeV. It is very interesting to extrapolate the theoretical calculations of the cross sections, which well reproduce the observed data, to the zero-energy region, and it is worthwhile comparing them with the observed thermalenergy data 14) , 15) at E n ∼ 1 meV. In the proton case, in contrast, there are no data for 16 O(p, γ) 17 F at energies lower than E p ∼ 0.2 MeV owing to the Coulomb barrier, although we have considerable data in the energy region higher than E p ∼ 0.5 MeV. 16) We have strong interest in obtaining a theoretical prediction of the 16 O(p, γ) 17 F cross section at very low energies near the threshold using the same model and by considering the interaction using an 16 O+N model, which well explains the 16 O(n, γ) 17 O reaction data in a wide energy range from MeV to meV.
Concerning theoretical studies on the 16 O(n, γ) 17 O reaction, a microscopic 16 O+n model was investigated using the generator coordinate method (GCM) plus the microscopic R-matrix method (GCM+MRM). 17) In the analysis of the reactions 16 O(n, γ) 17 O and 16 O(p, γ) 17 F using the framework, however, the common nuclear interaction has not been used for 16 O+n and 16 O+p systems. 17), 18) As a different approach, the Gamow shell model 19) considers only the 16 O+p reaction, where the many configurations describing the 16 O core excitations are included in contrast to the GCM+MRM approach. Therefore, it is important to study both reactions in the same 16 O+N model from the view point of examining the reliability of the 16 O-N potential. It is also necessary to examine whether the low-lying levels of 17 O and 17 F and the low-energy capture reaction cross sections can be explained without considering the 16 O core excitations.
The purposes of this work are twofold: one is to investigate the 16 O-N interaction to explain the observed low-level structure of the mirror nuclei 17 O and 17 F and the experimental phase shift in 16 O+n and 16 O+p scatterings. The other purpose is to confirm the reliability of the methods using the complex-scaled response function (CSRF) 9) and the Lippmann-Schwinger solution with the complex scaled Green's operator 11) (LS-CSGO), which have recently been developed as promising frameworks for a unified description of bound, resonant and continuum states in CSM for the evaluation of photoabsorption and photodisintegration strength distributions in the excited continuum states.
In the following section, a brief description of bound and unbound states based on the 16 O+N model 20), 21) and CSM 5)-10) is presented. The theoretical energy levels calculated using the effective interaction for 16 O+n and +p systems are also illustrated in §2 and compared with the experimental ones, and the formulae for the capture reaction cross section and photodisintegrations reaction are explained. The results in our present work are described and discussions in §3, and §4 is devoted to a summary of the present work. §2. Theoretical framework
We consider the radiative capture and photodisintegration reaction cross sections from the thermal to astrophysical energy regions. We express the capture and photodisintegration reactions as B(b, γ)A and A(γ, b)B, respectively. To estimate these reaction cross sections at very low energies, the energy levels of nucleus "A" must be reproduced, and the asymptotic behavior of the scattering wave function for the "B+b" should be treated correctly. In this section, we explain our framework of the 16 O+N model to describe bound, resonant and continuum states of the mirror nuclei, 17 O and 17 F. In this framework, we use the LS-CSGO method for treating the scattering wave function to determine the asymptotic behavior at low energies.
Unified description of bound and unbound states in CSM
We employ CSM 5)-10) as an efficient way to define the extended complete set including the resonant states separately from the continuum states.
In CSM, the coordinate (momentum) is rotated as r → re iθ (k → ke −iθ ) in the complex coordinate (momentum) plane. Hence, the bound states are obtained as the solutions of the complex-scaled Schrödinger equation as
The energy eigenvalues of the bound states are not changed by the complex scaling. Owing to the complex rotation, the resonant states become L 2 -integrable and are obtained with the complex eigenvalues
, where E r j and Γ j are the energy and width of each resonant state, respectively. The basic properties of the solutions of Eq. (2 . 1) are given by the so-called "ABC theorem". 5), 6) The extended completeness relation 8) for the solutions |Φ θ j ( Φ θ j | conjugate solutions) of the complex-scaled Hamiltonian H(θ) can be constructed as follows: 22) and coupled-channel 23) systems.
To solve the eigenvalue problem of Eq. (2 . 1), we employ the Gaussian expansion method. 24) In the following numerical calculation, the maximum range of the Gaussian basis functions is 30 fm for the bound states and 100 fm for the resonant and continuum states. In the Gaussian expansion method, the continuum states are also obtained as the discrete eigen solutions with complex energies along the 2θ line on the complex energy plane. 10) Hence, all eigenstates of Eq. (2 . 1) in the L 2 -basis functions are obtained as a discrete set:
where we used "≈" instead of an equal sign "=" because the continuum solutions are approximately described by a finite number the basis states.
Once we obtain the extended completeness relation for the complex-scaled Hamiltonian H(θ), the complex-scaled Green's operator (CSGO) is given by the extended complete set {|Φ θ j } as follows:
where, the index j includes the bound, resonant and discretized continuum states in Eq. (2 . 3). In this CSGO, we can treat the bound, resonant and continuum states on the same footing even for the reaction problem. 11)
16 O-N interaction
To calculate the energy levels and reaction cross sections of 16 O+N systems, we use the following microscopic 16 O-N potential: where Λ is taken as 10 6 MeV so as to project out these occupied configurations of the valence nucleon into the very high energy region. Furthermore, in addition to the above central potentials, we introduce an effective LS potential:
The potential strength V 0 ls is determined so as to fit the energy splitting of the lowlying 5/2 + and 3/2 + levels in 17 O. 20) The Hamiltonian for the relative motion of 16 O and a valence nucleon is expressed as
Solving the complex-scaled Schrödinger equation (2 . 1), we obtained 5/2 + , 1/2 + and 3/2 + states at energies −4.18, −3.28 and 0.95 MeV, respectively, from the 16 O+n threshold. The 3/2 + state is the resonant solution and has an imaginary part (−0.07 MeV) in the eigenvalue of energy. This imaginary part corresponds to the observed neutron decay width Γ = 0.14 MeV of the 3/2 + state in 17 O. We show these results in Fig. 1 compared with the experimental data for 17 O. The low-lying positive parity states show good agreement between the present calculation and experiments. Since our potential model does not include the core excitation in the present calculation, for example, the particle-hole excitation in the 16 O core, the low-lying negativeparity states are not reproduced. The negative-parity "particle" states have very large excitation energies due to the Pauli principle.
In the similar way, we perform the calculation for the 16 O+p ( 17 F) system adding the Coulomb potential to the same nuclear potential used in the 16 O+n ( 17 O) system. However, the lowest 5/2 + state in 17 F calculated using the microscopic 16 O-p potential becomes slightly over binding. Since the nuclear potential part has been confirmed to reproduce the energy levels of 17 O, we try to reduce the strength of the Coulomb exchange term V ex c by working only in the region inside the 16 O core. The obtained energy spectrum of 17 F is shown in Fig. 2 together with experimental data. The energy of the 3/2 + state is still lower than the observed data, and the negative-parity states are not reproduced as well as for 17 O. Problems concerned with the negative-parity states are discussed in the next section.
Electromagnetic transition between bound and unbound states
We consider an electromagnetic transition reaction from the bound state of "A" with energy E A , which is a negative value, to the continuum (scattering) state "B+b" system at the center-of-mass energy E, where the energy is measured with respect to the threshold of the "B+b" system. Therefore, energy E A is negative. The nuclei "A", "B" and "b" have spins I A , I B and I b , respectively. The radiative capture and photodisintegration reaction cross sections 26) are expressed as
where k γ = (E γ + |E A |)/ c and k cm are the wave numbers of the photon and the center-of-mass motion between the core and a valence nucleon, respectively. E γ is the photon energy and λ is the multipolarity.
In the cross sections of both the capture and disintegration reactions, the transition strength appears as a common physical quantity. We calculate the transition strength in the following way:
whereÔ λ is the electromagnetic λ-pole transition operator, and is given for the electric and magnetic cases 32) aŝ To calculate the transition strength given in Eq. (2 . 9) using the solutions Φ A and Φ B+b (E), we employ two different expressions. The first expression is obtained using the CSRF method 9) as follows:
where the summation over j is taken for all eigen solutions of Eq. (2 . 1). The advantage of this expression is that the contributions from resonant and non-resonant continuum states can be separated. For a certain scaling angle θ of CSM, sharp resonances with small decay widths appear as poles, and broad resonances are included in the discretized continuum. The contribution of each pole in the response function can be distinguished with a sharp structure. On the other hand, the broad resonances with large widths are considered to give structureless contributions, which are called background contributions.
Since, in CSM, the wave functions and eigenvalues of resonant and complexrotated continuum states are complex, the contributions of these states are also complex. However, the total strength of CSRF becomes a positive real value due to the cancellation of the imaginary part of each contribution, and the final result of Eq. (2 . 11) is θ-independent.
Even though the CSRF method is very useful for a qualitatively studying of the transition strength, there is a difficulty in numerically calculating the strength in the very low energy region, which is discussed in the next section. Hence, it is necessary to develop another method for a more accurate calculation.
Next, as the second expression, we use the LS-CSGO method to describe the scattering state. In this method, the scattering wave function Ψ B+b (E) at energy E is expressed as
whereĤ =T +V is the total Hamiltonian and Φ 0 (E) is a solution of the kinetic equation operatorT . IfV is a finite-range interaction such as a nuclear force, Φ 0 (E) becomes an asymptotic wave function of the B+b system. Here, it notes that CSM is not applied at this stage, and iε in Green's operator is needed to describe the outgoing boundary condition. In this LS-CSGO method, the transition strength is expressed as
where we used the extended completeness relation 8) to evaluate Green's operator with the outgoing condition. Since the outgoing condition is automatically satisfied in CSM, we removed the term +iε in the complex-scaled Green's function. The first term in Eq. (2 . 13) gives the dominant contribution at low energies and can be calculated accurately using the solution Φ 0 (E) of the kinetic energy operatorT . The second term becomes important in the case of higher energies, since the effect of the finite-range interaction becomes large. §3.
Results and discussion
We calculate the radiative capture cross section in the reactions 16 O(n, γ) 17 O and 16 O(p, γ) 17 F from the thermal to the astrophysical energy region. We use the 16 O+N model, which is constructed so as to reproduce the low-lying positive-parity levels in 17 O and 17 F shown in Figs. 1 and 2 , respectively. In order to verify the reliability of this model in the energy region above the 16 O+n or +p threshold, we calculate the scattering phase shift. As one of the advantages of CSM, we can obtain the phase shifts without using the scattering solutions. In the calculation, we use the continuum level density (CLD) method. The scattering phase shift δ(E) is related to the level density Δ(E) 34), 35) as 17 O reaction. In Fig. 3 , the solid lines indicate the scattering phase shift calculated with our 16 O-n potential, and the squares and circles denote experimental data 37) for 1/2 + and 3/2 + , respectively. Below E cm ∼ 2.0 (MeV), our calculation shows good agreement with the experimental data. However, in the experiments for 3/2 + and 1/2 + , other resonances can be seen above E cm = 2 (MeV). These states are considered to originate from the coupling with the 16 O core excitation, and they are beyond the scope of the present 16 O core frozen model.
Before we calculate the partial and total capture reaction cross sections, we compare the results obtained by two different methods, CSRF and LS-CSGO. In the LS-CSGO method, the spherical Bessel function is used as the asymptotic scattering wave function Φ 0 (E) in the 16 O+n system. The results are shown in Fig. 4 . The two results obtained by the CSRF and LS-CSGO methods show overall agreement with each other except for in the very low energy region, E cm < 0.1 (MeV). We also perform the calculation for 16 O(p, γ) 17 F reactions and obtain a similar result that the difference appears only in the very low energy region. These results suggest that the CSRF method cannot easily describe the behavior of the strength function in such a low-energy region. We consider that the difficulty appears for the following reason: the CSRF method directly applies the solution Φ from a small number of basis functions. In contrast, as shown in Eq. (2 . 13), the LS-CSGO method uses the scattering solutions Φ 0 (E), which are numerically exact. Therefore, the LS-CSGO method has the advantage that it can describe the strength correctly even in the very low energy region. Hereafter, we use the LS-CSGO method to analyze the reaction cross sections. We also compare our present results with those obtained by GCM+MRM 17) as shown in Fig. 5 , in which we display the E1 transition partial cross sections of the 16 O(n, γ) 17 O reaction from the scattering states to the ground and first excited states, J π = 5/2 + and 1/2 + , respectively. The solid and dotted lines show the transitions obtained by the LS-CSGO method and GCM+MRM, respectively. It is confirmed that the observed partial cross sections can be well explained by the E1 transitions from the p-wave scattering states 13) in continuum energies to the ground (5/2 + ) and first excited states (1/2 + ). Our model predicts cross sections that are slightly larger than those obtained by GCM+MRM and better reproduces the experimental data observed in the astrophysical energies. However, both calculations underestimate the cross sections observed at E cm ∼ 2.6 MeV. The 3/2 − resonance is observed with width ∼ 0.4 MeV, 33) which is reproduced by our model and considered to have a core ( 16 O) excited configuration and to a contribute to the E1 transition at E cm ∼ 2.6 MeV. However the core ( 16 O) excited configuration has a small E1 transition strength to the ground state, and the contribution is expected to be very small, even if the matrix elements are large, because of a large energy distance from the resonance position.
We extend the calculation to the thermal energy region for the 16 O(n, γ) 17 O reaction and show the results in Fig. 6 . In addition to the cross sections of the E1 for the transitions from the scattering state to the 5/2 + and 1/2 + states. The squares and circles denote experimental data 13) for the ground state, 5/2 + , and the first excited state, 1/2 + , respectively.
and M1 transitions, we display the total cross section, where "total" represents the sum of the E1 and M1 transitions to the ground and first excited states, respectively. Here, our calculation does not include contributions from the negative-parity states (J π = 1/2 − and 5/2 − ) because they are not taken into account in this model. The solid line shows the total cross section (E1+M1), and the dotted and dot-dashed lines show the cross sections for the E1 and M1 transitions, respectively. The squares indicate experimental data taken from Ref. 13) , and the circle and triangle denote the experimental data obtained at the thermal energy. 14), 15) From this result, we see that the E1 transition is dominant at astrophysical energies, while the M1 transition dominates in the thermal energy region in Fig. 6 . In our calculation, the contribution E2 at thermal energies is very small, because the transition matrix elements for E2 in this case are smaller than those of M1. The calculation is performed in a simple framework using the LS-CSGO method, for the entire energy region, and our results well reproduce the experimental data obtained from thermal to astrophysical energies. As shown in Eq. (2 . 13), the LS-CSGO method can separate the contributions of the direct (first term) and interaction (second term) parts to the total cross section. In Fig. 7 , the solid line expresses the total cross section, which is the same as that shown in Fig. 6 . The dashed and dotted lines show the direct and full parts calculated for the E1 transition reaction, respectively. The direct and full terms for the M1 transition reaction are shown with dash-dot-dotted and dash-dotted lines, respectively. From these results it can be considered that, in the astrophysical energies, the capture reaction process is mainly explained by the direct part of the E1 transition. In this energy region, the component of the reaction from non-resonant continuum states is dominant. On the other hand, in the very low energies, the result of the M1 transition, being half of the direct part, suggests that the direct part and the interaction part have comparable strengths with opposite signs. Thus, it is understood that the present model using the LS-CSGO method can explain the experimental capture cross sections observed in the wide energy region for neutron with thermal to astrophysical energies.
16 O(p, γ) 17 F capture reaction
In Fig. 8 , we present the scattering phase shifts calculated for J π = 5/2 + , 1/2 + and 3/2 + of the 16 O+p system. In our 16 O-N potential model, the resonance energy and total decay width of the first 3/2 + state are both underestimated by about 0.5 MeV as shown in Fig. 2 . Accordingly, the calculated scattering phase shift for 3/2 + is shifted to a slightly lower energy.
Next, we calculate the astrophysical S-factor for the capture reaction 16 O(p, γ) 17 F and compare it with the results obtained by GCM+MRM. 18) The S-factor is estimated by the E1 transition from continuum states to the ground (5/2 + ) and first excited (1/2 + ) states. Results are shown in Fig. 9 . The experimental data are presented with open squares and open circles for the 5/2 + and 1/2 + states, respectively. For the E1 transition to the 5/2 + state, our calculation accurately reproduces the experimental results and shows a good correspondence to those obtained by GCM+MRM. Our calculation well reproduces the E1 transition reaction to the 5/2 + state. For the 1/2 + state, however, the calculation results in an overestimation compared with the experimental data. The E1 transition to the 1/2 + state is sensitive to the structure of the wave function. From the experiments, 16) the 1/2 + state of 17 F is considered to be a single proton halo. It will be interesting to study whether the effect of the excitation of the core plays an important role in forming the halo structure of the 1/2 + state and in reducing the calculated E1 transition strength using the present model. This problem will be discussed in the next section. 16 O+p systems are well reproduced using the same nuclear 16 O-N potential without taking account of the core excitation. On the other hand, we found several problems with the present simple 16 O+N model. The first is that the excited negative-parity states observed at the excitation energy region of 3−5 MeV in 17 O and 17 F cannot be explained. The second is the overbinding problem of the low-lying positive-parity states in 17 F. The third is the overestimation of the E1 transition from the continuum states to the 1/2 + state in 17 F. These problems suggest a type of charge symmetry breaking in the mirror nuclei 17 O and 17 F.
The influence on energy levels and phase shifts resulting from a variation arising in a Hamiltonian is proportional to the first-order variation. In contrast, the influence on the wave function is proportional to the second-order variation. The calculation of the reaction cross section depends strongly on the behavior of the wave function. This can be seen in Fig. 9 , in which the transition to the 1/2 + state is overestimated in the whole energy region presented. In the case of 17 F, a plausible configuration using a coupled channel system may be written as | 17 F =a| 16 O |p ⊕b| 16 F |n . In the calculation of the 16 O(p, γ) 17 F reaction, the asymptotic scattering state is the | 16 O |p channel. Hence, the other channel, | 16 F |n , changes the nature of the internal region and affects the transition strength. The negative-parity states in 17 F (the low-lying states of 1/2 − , 5/2 − and 3/2 − ) may be described from the coupledchannel point of view as | 16 O * |p including core excitations. In order to estimate a transition to a state near the reaction threshold or a state having a halo structure, it is necessary to take account of the effect of core excitation. §4. Summary
For radiative capture and photodisintegration reactions near the threshold energies, we presented a new method to estimate the reaction cross section using the 16 O+N model with the LS-CSGO method. We constructed the wave functions taking account of the nuclear structure in the low-energy reaction in which the reaction process mostly occurs at a distance much longer than the nuclear radius. Use of the 16 O+N model enables us to describe accurately bound, resonance and continuum states in the same framework from the thermal to astrophysical energy regions. The behavior of the wave functions of the scattering states (continuum states) is well described by the LS-CSGO method presented in this paper.
Our method was applied to the 16 O(n, γ) 17 O and 16 O(p, γ) 17 F reactions, because the experimental data for these reactions are available in the astrophysical and thermal energies. In our method, we determined the effective interaction to reproduce the energy levels observed in the nuclei 17 O and 17 F: 5/2 + , 1/2 + and 3/2 + . To verify the consistency of these energy levels with the data in the positive-energy region, we calculated the scattering phase shifts using the CLD method. 12) Our results well reproduce the experimental data for both 16 O+n and 16 O+p systems 36), 37) as respectively shown in Figs. 3 and 8 . Using the 16 O+N model with the LS-CSGO method, the capture reaction cross sections are calculated for the astrophysical energy region.
Using the simple 16 O+N model, we can explain the energy levels and the capture reaction cross section to the low-lying positive-parity states expect for the first excited state 1/2 + of 17 F. The observed negative-parity states are not explained by our model when the frozen core is assumed. In the analysis of this problem, the assumption of the frozen core 16 O should be reconsidered as the next step.
Our method reproduces the experimental data 13) better than another theoretical analysis using GCM+MRM 17) as shown in Fig. 5 . We extended our method to the analysis at thermal energies. It was confirmed that the total cross section at the astrophysical energies in Fig. 6 can be identified with the E1 transition between the bound state and scattering states. From our result of the 16 O+n system at the thermal energy it is inferred that the M1 transition is dominant.
In conclusion, it has been confirmed that our method is powerful for estimating the reaction cross section from astrophysical energies down to near-threshold energies.
